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THE CONSTRUCTION AND INTERPRETATION OF THE 
HARVARD INDEX OF BUSINESS CONDITIONS 

C. J. BULLOCK, W. M. PERSONS, AND W. L. CRUM 

T HE methods followed in the original con- 
struction of our index of business condi- 

tions were fully set forth in this REVIEW for 
April I919; and such changes as have been found 
necessary since I919 have been explained, as 
occasion offered, in subsequent numbers. Our 
methods of interpreting the index have never 
been presented so exhaustively', because in part 
they have developed out of our experience in 
handling current data and have been presented 
only in our Weekly Letters as occasion required. 
It has therefore happened that our interpreta- 
tion of the index has not always been fully under- 
stood; and misunderstanding is easy unless any 
particular passage is interpreted not only with 
reference to its immediate context but also with 
reference to what has gone before. The present 
article is devoted partly to various matters con- 
cerning which we sometimes receive inquiries, 
and partly to certain criticisms which have been 
offered recently, particularly those of Mr. Karl 
G. Karsten in his paper on "The Harvard Busi- 
ness Indexes -A New Interpretation" in the 
Journal of the American Statistical Association for 
December I926. 

REVISIONS OF THE INDEX 

On the basis of studies undertaken in the fall 
of I9I7, publication of the REVIEW OF Eco- 
NOMIC STATISTICS was begun in I919 when eco- 
nomic conditions throughout the world were so 
abnormal that the construction of a satisfactory 
index seemed almost, if not quite, impossible. 
Our preliminary investigations had given us a 
reliable index for a period of II years prior to 
I9I4, during which certain relations were demon- 
strated to exist between curves A, B, and C, 
representing, respectively, speculation, business, 
and money; but the outbreak of the war in I9I4 
had destroyed the normal relationships shown 
by our pre-war chart, In January and April I919 

we explained the methods by which our pre-war 
index had been constructed, and presented a 
chart for the pre-war period I903-I4. It was 
our intention to follow this in July I9I9 with a 
similar chart for the current year, in the expec- 
tation that the latter chart would disclose little 
or nothing of the pre-war relationships between 
the A, B, and C curves, but with the hope that, 
as time went on and economic conditions returned 
to normal, these old relationships would reappear. 
By May, not a little to our surprise, evidence 
appeared that the pre-war relations between 
curve A and curve B were returning; and we 
therefore published in June the first of the 
Monthly Supplements to this REVIEW, which was 
then a quarterly publication. In this Supplement 
we dealt with the principal problem involved in 
the construction of a post-war index, namely, 
the post-war level of commodity prices, and 
presented an estimated trend which was stated 
to be "a forecast which will be revised as new 
data become available."2 In July we were able 
to present for the first time the post-war index 
of business conditions, which showed the pre-war 
relationships between curve A and curve B to 
be sufficiently restored to justify a tentative 
forecast of business expansion in the immediate 
future.3 From that time onward, in spite of the 
many abnormal elements in the economic situa- 
tion, the relationships between the three curves 
shown on our pre-war chart were sufficiently 
reestablished on the post-war chart so that we 
were able to continue our forecasts. 

This did not mean that the construction of 
our post-war chart was thoroughly satisfactory. 
Pre-war trends had been broken in some cases, 
and so the post-war trends had to be estimated; 
seasonal movements seemed to have changed in 
some instances, and in others to have disap- 
peared, at least for the time being. Under such 
conditions the easiest thing would have been to 
wait for a few years until business conditions 
had become more settled, but the movements 
recorded by our index between the spring and 
the fall of I919 had shown a sufficient restora- 

1 The most nearly complete statement we have yet pub- 
lished, which covers the most significant points, may be found 
in this REVIEW, Supplement 2, September I925, pp. 2I7-35. 

2 This REVIEW, Montkly Supplement, June I9I9, page ii. 
3 This REVIEW, Montkly Supplement, July I919, page 6. 
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THE HARVARD INDEX OF BUSINESS CONDITIONS 75 

tion of the pre-war relations between the three 
curves to justify continuation of the experiment. 
As we look back on the situation today, such 
continuation was justified; and we are now of 
the opinion that, if we had waited until we had 
constructed what we believed to be a perfect 
or nearly perfect post-war index, we should never 
have begun publication or else would have pre- 
sented an index which would probably have 
gone wrong at the first real test. It was a case 
where one could learn only by trying out the 
best data and the best methods available, and 
then making revisions whenever better data and 
methods came to hand. There would be no art 
of aeronautics today if no one had undertaken 
to fly until a perfect aeroplane had been pro- 
duced. By the fall of I919 we had sufficient 
experience to convince us that we should learn 
only by trial, and that the performance of our 
index during the preceding six months justified 
the belief that it was the best instrument 
available. 

We have therefore continued publication of 
the index, following the general methods used 
in constructing the index for the pre-war period, 
but making constant revisions in the light of 
further experience and further opportunity for 
investigation. The revisions made have been 
explained in this REVIEW, and have all had the 
effect of giving us a better measure of specu- 
lative, business, and money conditions, the three 
things set forth so satisfactorily by the index of 
the pre-war period.' Future changes will be 

necessary from time to time, and the next will 
not improbably be a revision of curve A. The 
index, then, is still in process of development; 
perhaps it always will be. In fact, evidence now 
indicates that certain changes are likely to prove 
desirable. We do not expect to make such 
changes for some years, however, because not 
until the present business cycle ends in a period 
of depression can we survey the whole period 
back to I919 and undertake systematic revision 
of the index with the hope of securing a result 
which can be regarded as final and as accurate 
as any that is ever likely to be obtained from 
statistics relating to the very interesting and 
difficult times in which we have lived since I9I8. 

UNPREDICTABLE FACTORS THAT DISTURB 
BUSINESS CYCLES 

In the initial number of this REVIEW, it was 
pointed out that, beside ordinary cyclical fluc- 
tuations in business conditions, there were 
"irregular or residual fluctuations."2 Strikes, 
convulsions of nature, and wars were mentioned 
as factors that might occasion irregularities by 
disturbing a cyclical movement in progress and 
substituting for it some very different move- 
ment. Such disturbing factors may be wholly 
unpredictable, and therefore necessarily intro- 
duce an element of uncertainty into forecasting. 
How important this consideration might be in 
the United States it was difficult to tell in I9I9, 
since we had no data back of the year I903; but 
our index of business conditions has recently 

1 Our original pre-war index for I903-I4, giving the three 
curves on a bimonthly basis, was first published in this 
REVIEW for April I9I9, pp. II2-I3. This index was later 
slightly altered (by the omission of the series for reserves of 
New York banks from curve B as shown in the chart in this 
REVIEW, February I92I, p. 30) and in this form has been 
adopted as our standard index for the period I903-I4 (the 
data and chart for this index are published in this REVIEW 
for January I924, pp. I6-I7 under the caption "the old index 
of general business conditions"). The standard index just 
referred to is in bimonthly form. The monthly items of the 
index, however, have been computed and may be found in 
our " Statistical Record," Supplement to this REVIEW for July 
I924, p. I73. 

Our original post-war index first appeared in the Monthly 
Supplement to this REVIEW for July I919, p. 6 and was con- 
tinued in our publications in the form there described until 
the Weekly Letter of May I9, I923 when it was replaced by our 
revised post-war index of general business conditions (see this 
REVIEW for July I923, pp. I87-95, for a complete description 
of the revised index, and the "Statistical Record," Supple- 
ment to this Review for June I923, p. I67 for the data). This 
index was continued in our publications until March I926 

with but two minor revisions. These minor revisions were, 
first, the substitution at the beginning of I924 of the rate on 
prime 4-6 months paper for the rate on 60-go day double- 
name paper (see Weekly Letter of April 5, I924, p. 82, 
footnote) and, second, the use, beginning with April. I925, 
of revised indexes of seasonal variation for New York and 
outside bank debits (see this REVIEW for January I925, p. i8, 
for the indexes). 

The next revision of the post-war index was published in 
our Weekly Letter of March 20, I926 and described in this 
REVIEW for April I926, pp. 64-68. This chart is being pub- 
lished currently. Data are available in current Weekly 
Letters, the "Monthly Statistical Survey," and in the Sup- 
plement to this REVIEW for December I926, p. 255. 

We have at times published purely for comparative purposes 
pre-war charts based on our post-war selection of series. 
These charts may be found in the REVIEW for July I920, 
p. 200 and July I923, pp. I94-95. The chart last referred to 
was compared with our "old" or standard index chart in this 
REVIEW for January I924, pp. I6-2I. 

A bimonthly index of general business conditions, I875- 
I902, was published in the REVIEW for January I927, pp. 20-29. 

2 This REVIEW, January I9I9, p. 33. 
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76 THE REVIEW OF ECONOMIC STATISTICS 

been carried back to the year I875, and we can 
now see with sufficient clearness that, for the 
last 52 years, there have been two, and only two, 
residual factors which have caused major dis- 
turbances in the cyclical movement of business.' 
One of these factors is war, as is clearly shown 
in I898 and during the period I9I4-I8; and the 
other is a threat against the stability of our 
currency system, such as occurred in i896.2 
The existence of these (and possibly other) 
residual factors which may at any time interfere 
with the normal movement of business is taken 
for granted in all of our work; but during the 
past eight years no such factors have developed 
major significance in spite of the many disturbed 
and abnormal conditions left by the war. Upon 
the whole the movement of our index chart since 
I919 substantiates the statement in our first 
publication: "Notwithstanding the existence of 
irregularities it is generally recognized that there 
is a persistent rhythmic, or wave-like, or cyclical 
movement in series of fundamental statistics."3 

PERIODICITY OF BUSINESS CYCLES 

One matter concerning which there has been 
a strange misunderstanding of our views is that 
of the periodicity of business cycles. In our first 
publication it was pointed out that "the avail- 
able evidence does not square with the hypo- 
thesis that crises are periodic," and that "writers 
on business cycles have discovered neither gen- 
eral nor special laws from which we are war- 
ranted in postulating that business cycles occur 
regularly or systematically or periodically."4 
Upon the other hand, so far as our evidence 
goes, and it now extends back to the year I875, 
we have found that business cycles have been 
of varying lengths; and we have never asserted 
their periodicity.5 In spite of this published 
record, it has sometimes been suggested that we 
hold, or have held, the view that the business 
cycle is periodic with a period of about 40 months. 

A recent case of such misunderstanding is by 

the authors of Business Annals. In I923 we 
published in this REVIEW, an article entitled 
"Cycles of Rates on Commercial Paper," in 
which it was pointed out that the statistics pre- 
sented showed that there was "no uniform 
periodicity," and that "the economic period 
should not be assumed constant." It was also 
said that, if the analysis were confined to those 
portions of the time interval which were fairly 
free of extreme deviations, we could discover a 
cyclical movement which conformed moderately 
well to the average found by the periodogram, 
which average was about 40 months. But it was 
only by excluding extreme deviations that any 
approach to periodicity could be found; and we 
pointed out that the attempt to determine an 
economic periodicity with the precision implied 
by the periodogram analysis is "little more than 
a mathematical game," since the "figures do 
not justify a stronger statement than that there 
may be an average period of about 40 months."6 
The authors of Business Annals have cited this 
article as presenting " (somewhat doubtful) evi- 
dence of a period of 39 to 40 months in" fluctua- 
tions of commercial paper rates.7 In fact the 
conclusion which we reached was that no uni- 
form periodicity was revealed, and that only by 
excluding extreme fluctuations could one get any 
evidence of a cyclical movement conforming 
even moderately well to the average shown by the 
periodogram. 

With this article the same writers have coupled 
another, by Mr. Joseph Kitchin, in which it is 
expressly stated that the business cycle is not of 
invariable duration and the view is advanced 
that we may distinguish minor cycles, averaging 
313 years (4o months), and major cycles, which 
are two or three (with no systematic rule) times 
as long as minor cycles.8 This would seem to be 
sufficiently explicit; but the authors of Business 
Annals have permitted themselves to say that 
"since the publication of these two papers in 
January I923 'the 40-month cycle' has enjoyed 

1 This REVIEW, January I927, pp. 20-29. 
2 For I898 see chart in this REVIEW, January I927, opposite 

p. 20; for the recent war see chart in this REVIEW, April i919, 
p. iio. 

3 This REVIEW, January I9I9, p. 33. 
4 This REVIEW, January W9I9, pp. 33-34. 
' We understand "periodicity" as implied in the following 

definition (this REVIEW, January I923, p. 17): "A variable 
quantity is said to be strictly periodic if any succession of its 
values, separated from each other by a fixed time interval 

called the period, are all equal." Obviously this definition 
does not necessarily require a fixed length of all cycles; thus, 
an invariable succession consisting alternately of a 3-year 
cycle and a 5-year cycle would be periodic, provided only 
there was absolute recurrence of the entire double wave at 
fixed periods of time. 

6 This REVIEW, January I923, pp. I7-27. 
7Publications of the National Bureau of Economic Research, 

No. 8, p. 40. 
8 This REVIEW, January I923, pp. io and i6. 
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THE HARVARD INDEX OF BUSINESS CONDITIONS 77 

a considerable vogue among statisticians." Just 
how two papers expressly rejecting the idea of a 
business cycle of fixed length could popularize 
the theory of a 40-month business cycle these 
writers do not explain. 

LAGS AND THEIR INTERPRETATION 

When the Committee on Economic Research 
was organized in I9I7, Professor W. M. Persons 
was engaged to undertake a comprehensive exam- 
ination of the available economic statistics, with 
a view to testing out the suggestion he had pre- 
viously made that, if systematic forecasting of 
business conditions should ever become possible, 
such a development would probably come from 
the study of sequences between adjusted series 
of statistics reflecting business conditions.' As 
explained above, Professor Persons's investiga- 
tions had given us, by the fall of I9I8, a chart 
of three curves demonstrating that certain se- 
quences of movements, resulting in corresponding 
lags, existed between three groups of statistical 
series, which gave a satisfactory account of the 
movements of speculation, business, and money 
during the eleven years prior to I914. These 
sequences and lags had been destroyed by the 
World War, and at the opening of I919 had not 
been reestablished. In July of that year, how- 
ever, we published a post-war index which was 
constructed on the same plan as the index for 
I903-I4 with certain modifications made neces- 
sary by changes in the available data. 

Certain critics have misunderstood the manner 
in which the series were selected for the A, B, and 
C curves of the pre-war and post-war periods. 
The classification of the available series for the 
pre-war period was according to a statistical not 
an economic criterion. That is to say, our 
original study enabled us to sort the series into 
three groups, each group being composed of 
series having approximately concurrent fluctua- 
tions. The point to be emphasized here is that 
the A-B-C grouping was made according to a 
sole criterion, that of statistical homogeneity of 
the constituent series. It was not until after the 
grouping had been completed that we observed 
that the three groups were not only statistically 

homogeneous but economically homogeneous as 
well and could be labeled "speculation," "busi- 
ness" and "money." Our post-war index was 
then constructed, as we have said, on the same 
plan as the pre-war index. That is to say, it 
consists of three groups of statistical series which, 
during I903-I4, were characterized by certain 
sequences and lags. 

We began with the fact of the existence of 
these lags. In July I9g9, when the current index 
of general business conditions was first published, 
it showed that between February and June the 
old-time lag of our B curve after our A curve had 
reestablished itself.2 The movements of our C 
curve were difficult to interpret until, early in 
November, the federal reserve banks advanced 
their rediscount rates.3 This indicated that 
advances in commercial rates might be expected, 
and that money and credit conditions might 
presently exert a restraining influence upon spec- 
ulation and business. This they obviously did; 
and the rise of our money curve after November 
I919 made it necessary to forecast a check to 
speculative and business expansion. From that 
time onward we have attributed great impor- 
tance to the money curve in all our analyses 
of business conditions. We had started with 
sequences and lags, shown to exist between 
the three curves of our pre-war index chart, 
and found that the old sequences were being 
reestablished in I9I9-20; but the events of 
those two years brought to the forefront the 
very great importance of our money curve for 
the study of sequences and lags. 

The criticism has recently been offered that 
the lags between the curves of our index chart 
are not "true 'lags,' "4 and that our attention 
has been "diverted" to a "fortuitous and unde- 
pendable time lag." What the critic means by a 
"true" lag is not easy to determine from his 
article, but it may be inferred that he means 
such a lag as exists between curves representing 
phenomena that are related as cause and effect 
and stand in a relation which he terms quad- 
rature. With the relation of quadrature we shall 
deal in subsequent pages, and for the present 
need only to point out that the critic is merely 
using the word "lag" in a new and special sense 
which he considers "true." He does not say 
that the record given by our chart is different 
from what our figures show it to be or that it 

1 The American Economic Review,December I9I6, PP. 739-69. 
2 This REVIEW, Monthly Supplement, July I9I9, p. 6. 
3 This REVIEW, Monthly Supplement, November W9I9, P. 3. 
4By Karl G. Karsten, Journal of the American Statistical 

Association, December I926, P. 399. 
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78 THE REVIEW OF ECONOMIC STATISTICS 

does not reveal time lags such as we have re- 
ported; but he apparently contends that a "true" 
lag exists only when the relation between two 
curves is definitely causal, and believes that 
other lags are "fortuitous and undependable." 
These views will be considered hereafter;' and 
for the present it suffices to say that we have 
been dealing with such time lags as are shown 
by the statistical record, and that the record 
has not resulted from preconceived theories 
about causal or other relations existing between 
phenomena. 

In the current index we are using monthly 
data, which might conceal a lag of less than a 
month. For the period from I875 to I9I4 we 
have published an index based upon bimonthly 
data2 which obviously may conceal lags of less 
than sixty days. For the study of considerable 
periods of time, monthly or bimonthly data 
have obvious advantages, which need not be 
dwelt upon here; and in some cases data are not 
available for shorter intervals than months or 
even quarters, since the items are compiled and 
published only for such periods. If the exact 
measurement of lags were the only end in view, 
if daily figures were available in all cases, and if 
one's study could be carried on regardless of ex- 
pense, the statistics might perhaps be handled 
in a manner different from that which we have 
followed. But, since the conditions are what 
they are, we have recorded the lags as well as 
we could with monthly or bimonthly data, and 
have been the more content to do so since the 
result has been to give us smoother curves, less 
disturbed by false starts and movements of only 

temporary significance, and therefore better cal- 
culated to show the most significant facts in the 
economic situation. We may sometime work out 
a new index of somewhat simpler construction 
which will be designed primarily for the purpose 
of enabling us to make better measurements of 
the time lags with which we are concerned. 

In presenting the lags revealed by our present 
charts, we have measured, as well as the data 
permit, the time relations between the move- 
ments of our three curves. We have always 
reported that the length of these lags was vari- 
able, and never have said anything that could 
properly be construed to mean that there were 
fixed time lags between the three curves. Yet, 
because we have examined the varying lags 
shown by the statistics and have found that lags 
of certain numbers of months give a "fairly 
high)" coefficient of correlation,3 some writers 
have concluded that we believe that there is a 
fixed time relationship between the movements 
of our curves. What we have really done is to 
point out that the timing of their respective 
movements is variable, but that there have been 
certain time lags which have been more common 
than others. Therefore, selecting the lags that 
give the highest coefficients of correlation, we 
have said that B lags six months after A; and 
that C lags four months after B and ten months 
after A.4 These statements were obviously in- 
tended to be taken in their context, and not to 
be removed therefrom and interpreted as mean- 
ing that we believe that there is anything re- 
motely resembling a fixed time relationship 
between the movements in question.5 It is 

1 See pp. 84-9I. 
2 This REvIEw, January I927, chart opposite p. 20, and 

also p. 27, footnote 9. 
I Measurements of lags as shown by coefficients of corre- 

lation between the constituents of the curves in the original 
index of general business conditions for I903-I4 were published 
in this REvIEw for April I9I9, p. I82-83. 

Measurements of lags for I903-I4 between the standard A 
and B curves and a C curve represented by the average of 
rates on prime 60-go day paper and good 4-6 months paper 
were given in the REvIEw for January 1926, pp. 30, 32. 

Measurements of lags for I903-I4 between the three curves, 
corresponding to post-war indexes as revised in I923, are 
presented in the REVIEw for January I924, p. I9, Table 4. 

In addition, measurements of the intervals between con- 
secutive low points and consecutive high points of curves A 
and C for I875-I902 and of the standard curves A, B, and C 
for I903-I3 were published in this REvIEw for January I927, 
pp. 26 and 25, respectively. 

Measurements of the lengths of the various phases of the 

business cycles during I903-I4 were published in the REVIEW 
for February I920, P. 46. 

4This REvIEw, January I924, p. I7. The statement quoted 
refers to the lags of the curves of the bimonthly revised index 
for I903-I4. For the A and B curves of the old index 
(adopted as our standard) and a curve C represented by the 
average rates on prime 6o-90 day paper and good 4-6 months 
paper (the series for New York bank loans and deposits 
being omitted from our standard curve C) it was found that 
the highest coefficients of correlation were for a lag of eight 
months in B after A (r =o.8i), of four months in C after B 
(r =o.83), and of twelve months in C after A (r =0.74). See 
this REvIEW, January I926, p. 30. 

I Our statements have been thus misused by Mr. Karsten 
in his article in the Journal of the American Statistical Asso- 
ciation, December I926, pp. 408-9, and p. 4I7. 

A similar error concerning the relation of curve C to curve A 
may be found in Owens and Hardy, Interest Rates and Stock 
Speculation, Chap. VII. These authors attributed to us the 
view that there is some "usual length" of the period of 
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thoroughly misleading also to speak of the lags 
which we use as "constant time-lags,"' since 
their timing is distinctly variable. The fact that 
a lag of a given number of months yields a higher 
correlation than any other may justify the use 
of the word "usual"; but when we are dealing 
with timing that is variable only confusion can 
result from the use of the word "constant." 

Concerning the use of such time lags as we 
have recorded, it has been suggested that, if 
there is any "theory behind this method," it is 
the assumption that the effects of a given cause 
are not felt in the economic world for a number 
of months.2 To this it is objected that any 
factor affecting credit should produce effects 
that are instantaneous, or even discounted, 
while with other factors the time elapsing "be- 
tween a causal force and a reacting or effectual 
phenomenon, in 'the modern business world, is 
not likely, in the main, to be more than two or 
three months."3 But our lags were not based 
on any theory whatever; and, on the contrary, 
were derived solely from observation of the facts. 
Somewhat later we came to the subject of causal 
relations, but we have never assumed that any 
one curve represented the exclusive cause or 
exclusive effect of another. We have been deal- 
ing primarily with the relations between the 
movements of three curves representing specu- 
lation, business, and money, and have been 
measuring those movements in the natural and 
usual way. Causal relations have, indeed, re- 
ceived increasing attention from us; but no 
theory of causation or of time relation between 
cause and effect ever entered into the construc- 
tion of the index. 

In favor of our method of studying such time 
lags as are recorded by actual data, corrected, 
so far as desirable and possible, for trend and 
for seasonal movements, is the very important 
consideration that it has given us an index chart 
which sets forth clearly three factors of domi- 
nating importance in any economic situation - 
speculation, business, and money. The lags 
recorded between the movements of these three 
factors are variable; but this very fact should 

commend the chart to the judgment of the 
economist or business man who knows how 
foreign to actual experience are fixed mechan- 
ical, or exact mathematical, relationships in the 
economic world. Moreover, our method obliges 
us to examine all three factors and prevents us 
from confining our attention to any single one. 
This latter course is always dangerous, since any 
single curve is subject to false starts and tempo- 
rary movements which are either unimportant 
or misleading; while the study of all three curves 
over a period of months and years will usually 
enable us to appraise correctly temporary irreg- 
ularities in any single curve. One of the curves 
may be more important for our purpose than 
the other two -we think this is true of the 
money curve -but, even if this be granted, 
that curve should not be interpreted without 
reference to the other two. Rising money rates, 
for example, are always significant; but they 
have only temporary importance when the 
accompanying movements of the speculative 
and business curves indicate that not more but 
less money is going to be required in the imme- 
diate future. If there is anything which we have 
learned from experience since I9I9, it is the 
necessity of considering the whole situation 
revealed by our index chart. 

THE PROBLEM OF CAUSATION: 
OUR MONEY CURVE 

We have already made it clear that, when our 
post-war index was set up in the spring of I9I9, 
we were thinking in terms of lags and not in 
terms of causation. Toward the end of the year, 
when money rates began to rise, we called atten- 
tion to the old and familiar relations between 
the persistent rise of money rates and a check to 
speculative and business activity, and since that 
time we have given increasing emphasis to the 
importance of the role which money plays in the 
business cycle. If any one of our curves is more 
important than the others for our purposes, it 
is the money curve; and this is due to the fact 
that easy money is a powerful stimulant to 
speculation and business, while dear money 

advancing interest rates or the period of declining interest 
rates preceding changes in stock prices, and examine the 
statistical evidence exhaustively in order to test a view that 
we have never held. At the same time they overlook a 
view that we have presented, that ordinarily an advance of 
ISY per cent in corrected rates for short-time money or a 

decline of similar amount has indicated the approximate 
crests or troughs of speculative movements. 

'Journal of the American Statistical Association, March 
I924, p. I7. 

2 Ibid., March I924, p. I7. 
3Ibid., March I924, p. I7; December I926,p. 4II. 
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exercises a powerful depre-ssing influence. At the 
present time, as is well known, we regard cheap 
money as the most important factor in the 
economic situation, and we believe it to be 
exerting a definite causal influence upon specu- 
lation and business. 

This does not mean, however, and never has 
meant, that we regard money as the sole deter- 
minant of the course of speculation or business, 
or that we deny to speculation and business any 
causal influence upon money. On the contrary, 
we believe that the three factors shown in our 
index chart are in constant interaction; that 
each of them affects the other two; and that no 
one is ever free from the influence of the others. 
If, however, our studies of causation had ended 
at this point, we should not have got very far 
in our investigation; any more than the physicist 
would progress with his work if he stopped 
after enunciating the principle that every par- 
ticle of matter in the universe attracts every 
other particle, as set forth by the law of gravita- 
tion. We have taken it for granted that eco- 
nomic factors are always in interaction; and, 
when we have spoken of any one factor as a 
cause of the movement of either or both of the 
others, we have done so merely because, at the 
moment, the influence of that factor was con- 
sidered dominant. If we could, by scientific 
experiment, isolate economic factors, we could 
deal with the problem of causation in a much 
more satisfactory manner. But all the econo- 
mist can ever hope to do is to observe what 
happens when, for any reason, some one of a 
complex of interacting forces happens to become 
for a certain time the dominating factor, and 
therefore the prime mover or the efficient cause 
of changes in other factors. By special methods 
we can usually eliminate from statistical data 
the influence of seasonal movements and the 
long-time trend. But, even with these disturb- 
ing factors removed, we are far from having 
conditions similar to those which the experi- 
mental scientist can secure in his laboratory, and 
are therefore seriously hampered in our study of 
causal relations. 

Therefore, when we speak of money as stimu- 
lating or depressing either business or specula- 
tion, we are aware that money is merely one of 
a complex of forces in constant interaction; and 
we mean merely that the stimulating or depress- 

ing influence of money has, for the time, become 
dominant. Consequently, when we say that easy 
money is stimulating business, we do not mean 
that business has ceased to affect money; but 
we mean that the stimulating effect of easy 
money is the predominant factor for the period 
under consideration. We know full well that, if 
money stimulates business to such an extent as 
to produce rising commodity prices, business will 
presently require more money in order to con- 
tinue in the same volume, and that money con- 
ditions will presently be affected by the addi- 
tional requirements of business. When paper 
money is being emitted in large quantities this 
result always appears, and economists know very 
well that, when the printing presses are set to 
work in order to provide plenty of money, busi- 
ness will presently require more money in order 
to proceed in the same volume as before. All 
this has been taken for granted in our various 
publications, with the result that we have some- 
times been misunderstood. Once and for all, 
therefore, we desire to emphasize the fact that 
we have never believed, and never asserted, 
that the economic factor represented by any one 
of our curves is the sole cause of the movements 
of either or both of the others. On the contrary, 
we regard speculation, business, and money as 
factors that are in constant interaction. 

THE CUMULATION METHOD 
In the construction of our index we have em- 

ployed the simplest and most direct methods 
and therefore have never used the method of 
cumulation. This method is a certain process of 
obtaining a new series of statistical data from a 
given series. The items of the original series con- 
stitute the generating series, and the items re- 
sulting from the cumulation process constitute 
the cumulative series.' The actual process of 
computation is as follows. The first or earliest 
item of the cumulative series is identical with 
the first or earliest item of the generating series. 
The second item of the cumulative series is equal 
to the sum of the first two items of the generating 
series. The third item of the cumulative series 
is equal to the sum of the first three items of the 
generating series, etc. 

1 The use of the word, generating, in this sense is in accord 
with its frequent use in mathematics where a generating func- 
tion is a function to which various specified mathematical 
operations are applied to secure another function. 
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If the generating series consists entirely of 
positive items it is obvious that the successive 
items of the cumulative series will increase with- 
out interruption. In other words, there will be 
no point in the entire cumulative series where 
an item will be less than any preceding item. 
As most of the actual statistical data in econom- 
ics (such as pig-iron production, bank clearings, 
bank deposits, commodity prices, interest rates, 
railway earnings, volume of production) consist 
solely of positive items the direct application of 
the cumulation method to any such series must 
inevitably result in a cumulative series which 
always rises and can never have a downward 
movement. 

In case the generating series includes both 
positive and negative items, it is obvious that 
the cumulation process yields a cumulative series 
marked by upward and downward movements 
resulting in fluctuations or oscillations. So long 
as the items of the generating series continue 
positive the successive items of the cumulative 
series continue each to be higher than the next 
preceding. As soon, however, as there appears in 
the generating series a negative item the corre- 
sponding item of the cumulative series becomes 
smaller than the next preceding, and so long as 
the successive items of the generating series 
remain negative the corresponding successive 
items of the cumulative series will each be smaller 
than the next preceding. In economics we have 
occasional series in which positive and negative 
items naturally occur in succession (but not 
necessarily, of course, alternately). For example, 
a record of the net import of gold into a country 
(computed by finding the excess of imports above 
exports) may be either positive or negative 
according as the imports exceed or fall short of 
the exports. The application of the cumulation 
process to this series would yield a cumulative 
series marked by fluctuations which correspond 
to the changes in sign from plus to minus and 
back to plus in the generating series. In this 
particular instance, if gold production within 
the country be nil, we may call the cumulative 
series "the total stock of gold" in the country. 

As indicated above, however, most actual series 
encountered in economics consist exclusively of 
positive items; and in order that the cumula- 
tion process may yield, in the study of such data, 
resulting cumulative series marked by significant 
fluctuations or oscillatory movements, it is nec- 
essary to replace the actual series of positive 
items by a corresponding series of positive and 
negative items. This corresponding series is 
usually obtained by measuring the deviations 
of the actual positive items from some assumed 
normal line.' 

If it turns out that the positive items and also 
the negative items tend to occur in groups (if 
the changes from plus to minus are fairly 
systematic in the generating series, and do not 
occur very frequently and irregularly) the gen- 
erating series will itself appear to have an oscilla- 
tory or wave movement. For a considerable 
interval its positive items will tend to constitute 
the " crest " of the wave and the succeeding 
group of negative items will tend to form the 
"trough" of the wave. Even though there is 
some irregularity in the size of the positive and 
negative items, this considerable tendency 
toward the maintenance of a wave-like move- 
ment is quite likely to appear. In fact, this 
tendency is one of the commonest characteristics 
of many of our fundamental series of economic 
statistics. 

If we had a perfectly regular wave movement 
and if that wave movement were of the narrowly 
restricted sort which is fundamental in certain 
natural phenomena - for example, the trans- 
mission of light or sound waves- we should 
have a generating curve which would yield by 
the cumulation method a resulting cumulative 
curve of peculiar properties and especial inter- 
est. This ideal simple wave-like generating series 
is called in mathematics the cosine curve, and 
the application of the cumulation process to it 
yields a corresponding cumulative curve, which 
has a direct and very simple relation to the 
original cosine curve. The wave-like move- 
ments encountered in economic statistics- 
movements which we ordinarily designate as 

1 The word, normal, is used in a very general sense here as 
representing any appropriate assumed zero line from which 
deviations of the actual positive data can be measured. Pre- 
sumably this assumed zero line will have some of the natural 
characteristics which would tend to qualify it as a "normal" 
in the proper sense of the word. For example, the assumed 

zero line might be the line of normal secular trend of the given 
series. So far as the application of the method is concerned, 
however, this normal line need not be thus narrowly defined. 
Any selected normal such that some of the deviations of the 
actual items from it will be negative and some positive will be 
adequate for the purpose. 
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cyclical fluctuations-are, however, at best not 
closely similar to this simple cosine curve. 
Consequently if a series taken from economic 
data is subjected to the cumulation process, it 
is not to be expected that the resulting cumula- 
tive series will be related to the original generat- 
ing series in the simple and direct manner 
found in the case of the cosine curve. 

As noted above the cumulation method when 
applied to any series including both positive and 

negative items yields a cumulative series marked 
by oscillatory fluctuations. It should be re- 
marked especially that the successive positive 
and negative items of the generating series need 
not be arranged by groups in a wave-like form 
in order that the resulting cumulative series shall 
exhibit wave-like fluctuations. On the contrary 
it is quite possible for a very disordered succes- 
sion of positive and negative items when used 
as a generating series to yield a cumulative series 
in which the oscillatory fluctuations partake of 
the wave-like form encountered in these eco- 
nomic movements. For example, if we take the 
statement, "The cumulation process creates cycli- 

cal fluctuations out of random sequences quite 
common in numbers of all kinds," and assign to 
each letter its serial number in the alphabet 
beginning with "A" as zero, and treat these 
numbers as a generating series of monthly items 
running from the first of January I919 to the 
first of January I927, we have the curve shown 
at the top of Chart A. By application of the 
cumulation process to this generating series 
(deviations being measured from the number i I, 
the approximate average of all the numbers, as 
the "normal line") we obtain the cumulative 
series shown in the lower curve of the chart. 
Despite the lack of relevancy of the quoted 
assertion to the problem of securing an index Qf 
business fluctuations and the wholly accidental 
sequence of numbers used as a generating series, 
it is a notable fact that the resulting cumulative 
series is itself a not unacceptable picture of the 
fluctuations in general business conditions since 
the war. Even many of the minor recessions 
of business such as those of late i919, the spring 
of I920, the middle of I923, the middle of I924, 
early I925, and the end of I926 are shown 
with striking faithfulness by the curve. The 
possibility that by utilizing raw material such 
as the quotation, "The cumulation process 
creates . . . ," we can, by cumulation, secure a 
resulting curve so closely related to our known 
records of business cycles, surely indicates the 
extraordinary potentialities of the cumulation 
method. That a method which takes the highly 
irregular top curve of Chart A and yields the 
roughly satisfactory business curve of the lower 
section of Chart A should be used with the great- 
est caution in any economic analysis scarcely 
calls for comment. Other examples can be given. 
Thus the title of the well-known Journal of 
the American Statistical Association, similarly 
treated, yields a similar result. 

One of the possibilities for confusion involved 
in the use of the method of cumulation is so 
serious as itself to constitute an adequate reason 
for not using the method in ordinary graphic 
presentation of data. It has been noted above 
that so long as the items of the generating series 
are positive the cumulative series continues to 
rise and that it is only when the generating series 
actually becomes negative that the cumulative 
series begins to decline. Hence if we presented 
a curve representing the cumulative series we 

CHART A.-AN EXAMPLE OF THE CUMULATION PROCESS 
(Based on a random series) 
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should have on the cumulative curve an apparent 
continuation of the rise even after the actual 
generating curve had turned downward. More- 
over, when the items of the generating curve 
had approached the zero or normal line and were 
so small as not to be of considerable significance 
the cumulative items would be at their very 
maximum and would give the impression that 
the economic influence reflected by the series 
was most intense. Obviously this impression 
would be quite contrary to the facts. 

Among the characteristic relations between 
the cumulative and generating series the most 
outstanding is the fact that the turning points 
of a cumulative series occur simultaneously with 
the zero points of its generating series. In other 
words, the cumulative curve reverses the direc- 
tion of its movement exactly at the same time 
that the generating curve crosses its normal or 
zero line. 

A second characteristic relationship which is 
somewhat more general than the first relates to 
the comparison between the entire cumulative 
curve and the entire generating curve rather 
than merely to the turning points and the cross- 
ing points. In case the generating curve is the 
simple cosine curve designated above, the cu- 
mulative curve is a simple sine curve. Now 
on a chart a sine curve looks exactly like a 
cosine curve except that it appears to have 
been displaced toward the right by a definite 
amount. Thus, if a cosine curve goes through 
a complete wave from the trough of depression 
up to peak and back down to a trough, the time 
elapsed over this whole movement is called a 
period. Any particular portion of this wave 
movement, covered in a length of time equal to 
one period, is called a phase, and in particular 
we are accustomed to refer to a specific quarter 
of a period as a specific phase. Thus, the 
quarter from depression up to the crossing of 
normal is a phase, the quarter from that crossing 
point up to the peak is another phase, the quarter 
from the peak down to the next crossing point 
is a phase, and the fourth phase comprises the 

quarter from that last crossing point down to 
the trough of depression. When phase is used 
in this narrow sense it is accurate to say that 
the sine curve is displaced one phase to the 
right of the cosine curve. The notion of sine 
and cosine was developed in connection with 
the size of an angle, and the angular magnitude 
corresponding to a phase (in the sense of a 
quarter period) is go' or a right angle. In 
consequence of this relationship by which the 
cumulative (sine) curve is displaced one phase 
or a quarter period from the generating (cosine) 
curve, it is fitting to say that the two curves 
are "in quadrature." In consequence of this 
use of the term quadrature, the method of 
cumulation in a narrow sense and with the 
specific applications outlined above, may be 
referred to as the "method of quadrature." 
It should be emphasized, however, that the 
method of quadrature in this sense is less broad 
in its significance than the method of cumula- 
tion, and that, strictly speaking, the quadrature 
idea is related specifically only to simple wave 
fluctuations having the general character of 
the cosine curve.' 

We have shown that the cumulation process 
exaggerates cyclical fluctuations and even "cre- 
ates cyclical fluctuations out of random se- 
quences " (Chart A). This feature of the process 
has important results when two series, one or 
both cumulative, are compared either graphi- 
cally or by means of a coefficient of correlation. 
The process of cumulation by attenuating irregu- 
larities, exaggerating cyclical fluctuations, or 
creating cycles produces series with pronounced 
undulating movements. It is then not difficult 
to discover other series with similar undulating 
movements or to produce them by the cumula- 
tion process. Consequently, when the cumu- 
lation process has been used, high values of 
coefficients of correlation between any two 
series (or similarity between the curves) are 
very doubtful evidence that the series are 
related or even vary together.2 

Finally, it should be noticed that the cumula- 
1 Another characteristic relation between the cumulative 

and the generating curves consists in the fact that the item 
in the cumulative series is proportional to the area between 
the generating curve and the normal or zero line and a vertical 
line drawn at the time in question. In other words, if we have 
our generating curve plotted, and we measure from the initial 
point along the zero line a distance to represent any particular 
elapsed time and erect at the point thus reached a vertical and 

compute the area between the generating curve itself, the 
zero line, and this vertical, this area will be proportional to 
the vertical measurement at that specified time on the chart 
of the cumulative curve. 

2 The sort of thing that the cumulation process accomplishes 
with respect to coefficients of correlation may be illustrated 
by a simple example. Suppose we consider the following pair 
of series of 4 items each: 
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tion process is the opposite of the so-called 
process of differencing, which process consists 
in getting the successive differences between 
pairs of items in the original series. Thus, 
the "difference" belonging to February would 
be obtained by subtracting the January item 
from the February item, that belonging to 
March would be obtained by subtracting the 
February item from the March item, etc. The 
curve of differences is obtained from the actual 
curve by a process of subtraction, and the 
cumulation curve is obtained from the generat- 
ing curve by a process of addition. Therefore 
the relation of the curve of differences to the 
actual curve is just the opposite of the relation 
of the cumulative curve to. the generating 
curve.' This means that, if two series are 
supposed to be in the relation of generating 
and cumulative series, the supposition may be 
tested either by cumulating the items of the 
first and comparing the result with the second 
series, or by differencing the items of the second 
series and comparing the result with the first 
series. 

THE QUADRATURE THEORY IN ECONOMICS 

It has been noted above that when the method 
of cumulation is applied to a generating series of 
a peculiarly simple wave-like form (the cosine 
curve), the resulting cumulative series is related 
to the original generating series in a simple 
manner which suggests the use of the term 
quadrature in describing this relationship. Indeed 
under these special circumstances, the method of 
cumulation might perhaps fittingly be called the 
method of quadrature. In some of the discus- 
sions of the application of the cumulation method 
to economic problems, the general doctrine con- 
cerning the relationships between the generating 
curve and the corresponding cumulative curve 
has indeed been designated "the theory of quad- 

rature." It should be remarked that the pair of 
curves had in mind here are two different eco- 
nomic series, but that the one of them is assumed 
to be related to the other one in a manner 
identical with or similar to the relation subsisting 
between the generating curve and its computed 
cumulative curve. Thus, we have here not 
merely a case of picking a generating series and 
applying to it the method of cumulation and 
getting a computed cumulative series, but rather 
of showing that one of an original pair of series 
is identical with or highly similar to the com- 
puted cumulative of the other. The rule of 
quadrature in economics, in other words, implies 
that the computed cumulative of the given 
generating series is identical with or substan- 
tially similar to a given specific economic series. 

In fact the statement has been made: "The 
quadrature theory states that the time-lags 
between cycles in various economic phenomena 
are functions of the periods of these cycles. The 
relation between economic forces is such that 
these forces are in some phase or another always 
in quadrature with each other."2 To put it 
another way, the quadrature theory in economics 
holds that one series, which we will call series I, 
is regarded as the generating series, and a second 
series, which we will call series II, is regarded as 
the cumulative series of the first, and further- 
more the second series is believed to have cyclical 
fluctuations occurring one quarter-period later 
than the corresponding cyclical fluctuations of 
the first series. It should be emphasized that the 
first of these requirements is the relationship 
involved in cumulation and that the second 
requirement is the narrower relationship required 
by quadrature. 

The quadrature assumption requires that the 
turning points of curve II occur simultaneously 
with the zero points (that is the points of inter- 
section with the zero line or line of trend or other 

Series I: 8, 6, 4, 2 
Series II: 2, 4, 6, 8 

The coefficient of correlation between the two series is -I. 
If we cumulate the first series we get 

Series I, cumulated: 8, I4, i8, 20 
The coefficient of correlation between series I, cumulated, 
and series II is +o.98. The process of cumulation of series I, 
therefore, changes perfect negative correlation to nearly per- 
fect positive correlation. If both series are cumulated the 
coefficient of correlation between the pair of cumulative series 
is +0.93. It is obvious from these illustrations that the process 
of cumulation may produce high coefficients of correlation 
between any pair of series each made up of a succession of 

items of like algebraic signs. Further, if any two series con- 
tain corresponding groups of items of like sign and these 
series are cumulated, the process will result in cumulative 
series with high coefficients of correlation. 

'Symbolically, this is as follows: 
Generating series: xl, X2, X3, X4... 
Cumulative series: xI, X1+X2, Xl+X2+X3, Xl+X2+X3+XJ, 

First differences of cumulative series: xl, X2, X3, X4 ..... 
2Journal of the American Statistical Association, March 

I1924, p. I4. The author of this article now informs us in a 
letter that the words " the time lags " above should be preceded 
by the words "some of." 
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assumed normal) of curve I. To test whether 
this relationship applies in a particular case, we 
must take certain steps. First the zero points 
of curve I must be determined and this involves 
a selection of the line of trend. In this connection 
it is exceedingly important to observe that a 
slight shift of the line of trend will change sub- 
stantially the times at which the zero points 
occur. In the second place, it is necessary to 
record all of the turning points of curve II and 
the times at which they occur. Finally, if the 
quadrature theory holds, the dates of occurrence 
of the turning points of curve II must be precisely 
the same as the dates of the corresponding cross- 
ing points of curve I. Moreover, for every turn- 
ing point of curve II there must exist a crossing 
point of curve I, and vice versa. In economic 
statistics, both of these requirements are vastly 
important; the first because, unless the turning 
points and corresponding crossing points are 
exactly simultaneous in their occurrence, it is 
not feasible to use the quadrature theory as a 
sound basis for forecasting; the second because 
in many curves of economic statistics there 
occur minor fluctuations each necessarily having 
associated with it turning points which, strictly 
according to the quadrature theory, should be 
accompanied by crossing points of the corre- 
sponding generating curve. The interpretation 
placed upon these minor fluctuations and their 
turning points is of much significance in any 
attempted application of the quadrature theory 
to economic data. 

Even if the dates of the crossing points of 
curve I correspond exactly with the dates of the 
turning points of curve II, we should not have 
a complete proof of the quadrature theory. Such 
correspondence can establish only the cumu- 
lative relationship between the two curves, and 
needs to be supported by further proof to estab- 
lish the quadrature relation. In order that the 
quadrature relationship hold it is required in 
addition that the phase difference between 
curves I and II be exactly one quarter-period. 
It is therefore necessary in making a test of 

the application of the quadrature theory to a 
selected pair of economic series to demonstrate 
that the one series has a quarter-period phase 
difference from the other. 

It is obvious from what has been said that to 
prove that the quadrature theory holds in eco- 
nomics involves the demonstration of mechani- 
cally rigid relations between pairs of series of 
economic statistics. In view of the known lack 
of mechanical regularity in economic and busi- 
ness phenomena, a heavy burden of proof rests 
upon anyone who holds that the theory of 
quadrature applies to economic forces. When 
first stated, it was asserted by the author, as a 
general proposition, that "the time-lags between 
cycles in various economic phenomena are func- 
tions of the periods of these cycles."' In reply to a 
question as to whether he still considered this a 
satisfactory statement of the quadrature theory, 
the author now informs us by letter that the 
words "some of" should be inserted before the 
subject, thus greatly restricting the application 
of the principle. Even thus restricted, the author's 
published demonstration does not demonstrate it, 
as will be shown. 

In spite of the fact that mechanical regular- 
ity and mathematical exactness could not be 
expected in the relationship between economic 
series, we began in I923 a study of the relations 
between the crossing points and turning points 
of certain series of economic statistics to see 
whether some substantially reliable, although 
not mechanically exact, connection existed. 
Although we did not have in mind the theories 
of cumulation and quadrature, the object of 
our particular search was analogous to that now 
referred to as quadrature, and its consideration 
in this connection is pertinent. The tests which 
we made concerned the relation between the 
turning points of a curve of security prices and 
the crossing points of a curve of commercial 
paper rates traced over a curve of bond yields. 
A detailed discussion of these tests is presented 
elsewhere in this issue of the REVIEW,2 and it 
suffices at this point to remark that the results 
of the investigation were negative and suggested 
that other statistical methods for forecasting the 
turning points in the security price curve were 
likely to be more effective than the method 
under examination (namely, the method now 
known as quadrature).3 

'Journal of the American Statistical Association, March I924, 
p. I4. 

2 See pp. 93-I02. 
3 We call attention to the fact that the use of the bond 

yield curve as an assumed secular trend for a series of com- 
mercial paper rates is quite independent of any theory of 
quadrature. The same statement may be made concerning 
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KARSTEN'S ATTEMPTED PROOF OF THE 
QUADRATURE THEORY 

The quadrature theory, as a general working 
hypothesis in economics, was first proposed by 
Karl G. Karsten in an article on "The Theory 
of Quadrature in Economics" in the Journal 
of the American Statistical Association for March 
I924. In December I926 the same author 
again considered the general subject in an 
article in the Journal entitled "The Harvard 
Business Indexes-A New Interpretation." In 
this paper the author says that "the quadrature 
method of analysis has been applied to many 
economic movements,' but he describes in 
his published articles only three cases of an 
alleged quadrature relation. The three cases 
described are the following: first, the surplus or 
shortage of freight cars, as the generating series, 
and the rate on 60-go day commercial paper, as 
the cumulative series; second, the Harvard B 
curve, inverted, as the generating series, and the 
Harvard A curve as the cumulative series; and, 
third, the Harvard B and A curves, combined 
with the weights of 3 and i, respectively, as 
the generating series, and the Harvard C curve 
as the cumulative series. In the last two of the 
three cases just named, in which the quadrature 
method has been applied to the Harvard curves, 
it should be noted at the outset that the trends 
of these curves have been so radically changed 
by the author that, in their revised form, the 
trends are not the Harvard trends and the 
curves are not the Harvard curves. 

We shall consider first Mr. Karsten's argu- 
ment that the ouadrature relation holds between 

the monthly figures for freight car shortage2 and 
money rates, I9I5-23. His statistical test is, in 
brief, the following: If the figures for car short- 
age (assumed to be the generating series) be 
cumulated, the cumulative curve thus secured 
will be identical with the curve for money rates, 
on the assumption that the quadrature relation 
holds perfectly for the two series. If the quadra- 
ture relation holds approximately, the two curves 
ought to be very highly similar. Statistical evi- 
dence of identity (or very high similarity), he 
holds, would be 

a. Close correspondence of the two curves 
when plotted together; 

b. High coefficients of correlation for the series 
of cumulated car shortage and money rates. 

The first problem in the statistical test is to 
determine the line of trend of the car-shortage 
series (assumed to be the generating series). 
The arithmetic mean of the series is taken as 
an empirical trend and the deviations from this 
trend are cumulated. This empirical trend, how- 
ever, is merely a preliminary trend and presently 
is discarded by the author. "For in the quadra- 
ture theory," he says, " the correct trend is 
clearly defined as that central position about 
which the deviations of the statistics may be 
regarded as significant positive and negative 
forces, the data of which, when cumulated, 
really correlate well with such other data as they 
logically should so correlate with."3 Conse- 
quently, in accordance with this definition the 
trend is altered " to improve the correlation 
between the car shortage integral and the inter- 
est rates."4 If this "first approximation has 
yielded a poor fit" (not the fit of the line of 
trend to the car-shortage series, but that of the 
curve of cumulated car-shortage figures to the 
curve of interest rates) then the trend can be 
altered again to further "improve" the corre- 
lation.5 After taking these steps to improve 
the fit of the car-shortage integral (cumulative) 
to interest rates the coefficient of correlation 
is computed. "For the years I9I5-23 inclusive," 
says the author, "the coefficient of correlation 
between the two series shown in the table and 
plotted on the chart, is +o.9I4."I This high 
coefficient is held by the author to be a statistical 
proof of the quadrature relationship of the two 
series, the nature of the relationship "being 
premised by the quadrature theory."7 

the use of a relatively stable price series as an assumed secular 
trend for a sensitive price series. These technical uses of such 
assumed trends are discussed in this REVIEW, July I923, 
P. I92. 

1 Journal of the American Statistical Association, December 
I926, P. 4I8. 

2 The algebraic signs of the series are changed " as a shortage 
indicates activity and a surplus inactivity." Journal of the 
American Statistical Association, March I924, P. 20. 

'Journal of the American Statistical Association, March 
I924, P. i6. 

4 Ibid., p. 2I. 
5 Ibid., pp. 20-2I. The procedure is also described by Mr. 

Karsten in his article in the Journal for December I926, 
P. 4I3. 

6 Ibid., March I924, P. 2I. For the period I907-14 the coeffi- 
cient is much lower (see p. 23). 

7Ibid., p. 24. The author gets a still higher coefficient 
(+o.95) by, first, omitting the unsatisfactory period March- 
November i9i8 and, second, taking moving annual averages 
of interest rates. 
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The procedure outlined by the author is not, 
of course, a statistical proof. In the first place 
the cumulation process, as we have pointed out 
in a preceding section, when applied to random 
sequences of numbers may actually create cycli- 
cal series, and when applied to cyclical series the 
process greatly emphasizes the cyclical fluctua- 
tions. Coefficients of correlation between series 
of which one or more have been obtained by 
cumulation, therefore, are not unlikely to be 
very high numerically and these coefficients do 
not have the same significance as coefficients 
computed from uncumulated series. Thus, in 
the case of the car-shortage figures and money 
rates the author's theory is that the former is 
the generating series and the latter is the cumu- 
lative series. This theory may be tested by 
(i) correlating the car-shortage figures with 
corresponding first differences of money rates 
as well as by (2) correlating the computed cumu- 
lative figures for car-shortage with money rates. 
If the quadrature relation holds between the 
series the two tests should give, at least, con- 
sistent results. In fact, the coefficient of correla- 
tion between the car-shortage figures and the 
corresponding first differences of money rates 
for I9I5-23 is only +0.48;1 whereas for these 
series the cumulation process yields a coefficient 
of +0.9I4. The author, however, presents only 
the coefficient obtained by the second method, 
and thus overlooks the gross discrepancy between 
the results of two methods which ought to agree. 

This is not all. After adopting the method of 
cumulation which exaggerates the degree of cor- 
relation between the two series, Mr. Karsten 

has proceeded to manipulate the "line of trend" 
of his generative curve in order to secure a higher 
coefficient of correlation between the cumulated 
values of the assumed generative curve and the 
assumed cumulative curve. His coefficient of 
correlation, therefore, is manufactured and can 
have no validity as a "statistical proof." Never- 
theless, after one and perhaps more manipula- 
tions of trend in order to produce high correla- 
tion, the coefficient thus obtained is offered as 
proof that the relation of quadrature exists. 
In the case of the series for car-shortage and 
money rates the use of the cumulated figures 
of the former series rather than the manipulation 
of trend was apparently mainly responsible for 
the high coefficient, at least for the selected 
period I9I5-23. In other cases, however, as will 
be shown, the manipulation of trend is responsi- 
ble for very pronounced increases in the- coeffi- 
cients of correlation which the author cites as 
proofs of the quadrature relation. 

The second and third of the three cases of the 
quadrature relationship cited by Mr. Karsten 
are given in his article on "The Harvard Busi- 
ness Indexes - A New Interpretation." In that 
article the author offers a "statistical proof" 
that curve A is the cumulative of curve B, in- 
verted, and that curve C is the cumulative of 
curves A and B combined. The statistical proof 
follows the same course as that of the quadrature 
relation of car shortage and money rates, just 
described, starting with a manipulation of 
trends.2 In the recent article, however, two 
methods of manipulating the line of trend of the 
assumed generating curve to improve the corre- 
lation with the assumed cumulative curve are 
described.3 One is the same as that described in 
the earlier article. The other will presently be 
reviewed. Both methods are premised on the 
assumption that the quadrature relation holds 
between the series which he is undertaking to 
prove are in relation of quadrature. 

The second method described by the author 
of applying the quadrature theory to the correc- 
tion of trends follows from his generalization, 
"that whenever a peak or valley occurs in the 
cumulative the causative force is crossing normal, 
and is thereby showing us what its normal con- 
dition is; hence a trend-line drawn through such 
points would trace the true course of normal."4 

I Computed by us from the figures given by Mr. Karsten 
in the Journal of the American Statistical Association, March 
I924, pp. 28-29. 

2 To use the author's words: "The A Curve has been cor- 
rected by the C Curve and therefore is correct only if the C 
Curve trend is correct, and the B Curve trend has been corrected 
by the A Curve and is correct only if the A Curve is correct." 
(Journal of the American Statistical Association, December 
I926, p. 4I4.) The author does not state explicitly just where 
he starts this process; but he intimates that he starts with the 
correction of curve A by curve C. The only relationships 
between curves A and C described by Mr. Karsten are that 
" Curve C is the cumulative of the two curves A and B taken 
together" and that curve C has "double tops and double 
bottoms." (Ibid., p. 4I7.) He does not explain how, using 
this three-cornered relationship between curves A, B, and C, 
the trend-line of curve A alone can be corrected with reference 
to curve C. 

3 Journal of the American Statistical Association, December 
I926, pp. 4I2-I3. 

4 Ibid., p. 4I2. 
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With specific reference to the correction of the 
current trend of curve B, he says: "This cor- 
rection of trends can take place frequently, as 
each new turn of the cumulative or A curve is 
a fresh signal of the whereabouts of the normal 
(or trend) line of the integrand or B curve, 
because at that moment the B curve must be 
crossing normal."' In other words, "each new 
turn" of curve A is a signal indicating that 
curve B should then be crossing the trend-line; 
and if curve B is not, at the time of the signal, 
actually crossing the trend-line, that line is 
altered so that curve B is made to cross it 
simultaneously with the "new turn " of curve A. 
The corrected trend thus secured would, pre- 
sumably, be used as the provisional trend until 
the occurrence of another "new turn" in curve A. 

In view of the fact that the author describes 
two methods of manipulating trend, but does 
not indicate which he applies to our curves, we 
sent him a letter asking that he tell us which 
method he used. In answer he said, "while the 
article describes and the previous question men- 
tions two methods I beg to decline to answer 
your fourth question regarding the method I 
used." This refusal to answer our question 
leaves us in uncertainty concerning the method 
or methods used to "correct" our trends. We 
do not know whether he used one of the methods 
he describes, both of them, or some third method; 
but if some third method was employed we can 
be reasonably certain that, like the others, it was 
based upon such a manipulation of the data as 
would secure the desired result. In a letter he 
has stated that the second method "is always a 
good check." His refusal to divulge the method 
used makes it impossible to regard his work as a 
serious scientific contribution. 

Even though Mr. Karsten refused to divulge 
the particular method of correcting the trend 
of our curves he does make perfectly clear the 
basic principle of the process. He selects the 
trend that will give a high coefficient of correla- 

tion between the assumed generating series and 
"such other data as they logically should so 
correlate with."2 That is to say, his object is 
to secure high coefficients of correlation between 
the assumed generating curve (e.g., curve B, 
inverted) and the assumed cumulative curve 
(e.g., curve A), and trends are " corrected" by 
some process, not revealed, in order to attain 
this object. In the case of the cumulated figures 
of curve B, inverted, and curve A for I903-I4 
the coefficient of correlation between the two 
series before manipulation of trends is +o.6o,3 
and after manipulation of trends is +0.94. The 
coefficients of +o.6o, computed by us, and 
+0.94, computed by the author, are for the same 
pair of cumulative curves, the second coefficient 
being obtained by altering the Harvard trend 
in order to secure a high coefficient. This coeffi- 
cient, +0.94, is then compared by the author 
with one of +0.77, which we obtained between 
the items of curve A and those of curve B, with 
a lag of six months,for the same pre-war period.4 
He offers this comparison, and others of the 
same nature, as " a statistical proof, in which we 
measure a similarity of behavior by a 'coefficient 
of correlation,' and so learn which theory yields 
the greater degree of accuracy in its results."5 
His "statistical proof" consists in premising the 
quadrature theory, deliberately manufacturing 
a high coefficient of correlation to support it, 
and offering the coefficient thus secured as proof 
of the validity of the quadrature theory. In 
fact, the coefficient of +o.6o, not +0.94, should 
have been offered for comparison with our coeffi- 
cient of +0.77. 

The author contends that, premising the quad- 
rature hypothesis, his high coefficients of corre- 
lation show that curve A is the cumulative of 
curve B, inverted. Suppose we also premise the 
same hypothesis, proceed to get our coefficients 
of correlation according to the method which the 
author describes for car-shortage and money 
rates, but assume that curve B is the cumulative 
of curve A (thus taking curve A instead of curve 
B, inverted, as the generating curve). The coeffi- 
cient of correlation between curve B and the 
cumulated figures of curve A, using the Harvard 
trends is +0.56 (compared with +o.6o for the 
Karsten assumption that the inverted B curve 
forecasts A). If the trends be "corrected" 
by the Karsten method the coefficient is raised 

IIbid., p. 4I5. 
2 Journal of the American Statistical Association, March 

I924, p. i6. 
3 Computed by us. The coefficient between the items of 

curve B, inverted, and the first differences of curve A is ?o.so. 
4 This coefficient (+O.77) is for our revised curves A and 

B. For our standard curves A and B, the coefficient is 
+0.8I for a lag of eight months in curve B. See footnote 4, 
p. 78 of this article. 

I Ibid., p. 405. 
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to +0.75. Since, according to the author, repe- 
tition of the process is "often advisable," we 
might have continued the process (or added 
some other, such as the substitution of moving 
averages for the actual items, as in his first 
article) and further raised the coefficient, but 
there was nothing to be gained by further 
cumulation of absurdities. The results of the two 
tests, however, if we take them seriously, are 
puzzling. Premising the quadrature relation- 
ship, is curve A really the cumulative of curve B, 
inverted, or is curve B the cumulative of curve 
A? In fact his coefficients of correlation are 
unworthy of serious consideration, since they are 
derived from exaggerated cyclical movements 
which have been produced by the method of 
cumulation, and have been given a still higher 
degree of correlation by intentional manipu- 
lation of trend. 

The evidence which we have considered makes 
it clear that the author is wholly incorrect when 
he says that he has "not done more in the present 
writing than to apply very simple and obvious 
corrections of the trends used by the Commit- 
tee."' But further evidence of the inaccuracy 
of his statement is available, for his corrections 
have so radically changed the Harvard curve B 
that the pronounced prosperity reflected by that 
curve in I925-26 has been turned into deep 
depression. This absurd result of his corrections 
shows that his "new interpretation" of the 
Harvard business indexes is not in any sense an 
interpretation of those indexes but rather of a 
new set of indexes obtained by one or both of 
the two methods described in his article or 
by some third method which he refuses to 
divulge. 

In this connection we may point out that the 
author's definition of trend, which we have 
quoted on page 86, is radically different from the 

accepted definition. According to the accepted 
definition a trend is a line or curve that "fits" 
a series.2 The Karsten trend, however, is a line 
or curve which, so to speak, "fits" the theory 
of quadrature. That is to say, the series is 
really fitted to a trend premised on the quadra- 
ture relation and therefore the series is distorted 
so that it no longer reflects the facts it purports 
to show. Thus, the trend of our curve B has 
been altered by this process so that in I925-26 
it reflects deep business depression, instead of 
pronounced prosperity.3 

Our analysis of Mr. Karsten's "statistical 
proof " that curve A is the cumulative of curve 
B, inverted, and that curve C is the cumulative 
of curves A and B combined would be incom- 
plete without consideration of the logical signifi- 
cance, in demonstrating causal relationships, of 
coefficients of correlation between time series of 
economic statistics. The author's notion is that 
his coefficients of correlation should be accepted 
as a "statistical proof " that the Harvard curves 
are in the relation of quadrature.4 Our view is 
that any coefficient of correlation between any 
two series, whether the series are cumulative or 
not, is no more than a descriptive device to 
express their average covariation.5 

The computing of coefficients of correlation 
between any two series does not give us any 
more evidence of causation than the plotting of 
two curves on the same chart, and the plotting 
of two curves together on a chart carries no pre- 
sumption whatever as to causation. That is to 
say, a coefficient of correlation between any two 
series (whether the coefficient is very high or 
not, or whether the maximum coefficient is for 
a lag or not, or whether the lag is invariable or 
not) does not indicate that the movements of 
either series cause the movements of the other. 
Similar movements of two series may not be 

1 Ibid., p. 4I5. 
2 By the word "fits" is meant that the trend, while not 

partaking of the numerous short time oscillations and cyclical 
fluctuations of the curve in question, is reasonably close to 
all the items of that curve. 

I Journal of the American Statistical Association, December 
I926, pp. 412-I4. 

4In "The Theory of Quadrature in Economics" (Journal 
of the American Statistical Association, March 1924, p. 24) 
he says, "The theory is a statement of the principle under- 
lying such relations as the method detects, and the method 
is intended for the proof or disproof of such relations when 
they have been suspected." In "The Harvard Business 
Indexes - A New Interpretation" (Journal of the American 

Statistical Association, December 1926, p. 405) he says that 
he has two proofs that the Harvard curves are in the relation 
of quadrature. One is a logical proof. "The other is a statis- 
tical proof, in which we measure a similarity of behavior by 
a 'coefficient of correlation,' and so learn which theory yields 
the greater degree of accuracy in its results." 

6 Lucien March has, in connection with time series, appro- 
priately substituted the term "coefficient of covariation" for 
"coefficient of correlation." The former term is preferable 
because it avoids the erroneous connotation that either one 
of the pair of series (for which the coefficient is computed) 
represents necessarily the cause of the other or that both 
represent effects of the same cause or set of causes (Metron, 
I920, Vol. I, No. I, pp. 46-48. 
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causally connected or, being causally connected, 
they may merely reflect a joint cause or a 
number of common causes. One may, of course, 
tentatively infer from a chart or a coefficient 
of correlation that one series causes the other, 
or that there is a joint cause, or that there are 
several joint causes. When the evidence of the 
chart and coefficients is supported by collateral 
evidence, statistical or otherwise, the inference 
is, naturally, strengthened. But coefficients of 
correlation even though computed by unim- 
peachable methods, are by themselves not 
"proofs " of causal relationships.' 

Connected with the author's statistical argu- 
ment, purporting to show that our B curve, 
inverted, precedes in its movements our A curve, 
is another argument, or "logical proof," that 
"the B curve is really the causal curve and the 
A curve, its cumulative, is the resultant or 
effectual [sic] curve."2 This "logical proof " 
is that the flow of money into or out of the stock 
market is "a direct function of business condi- 
tions," since poor conditions release from busi- 
ness money which flows into the stock market 

and tends to raise prices, while good conditions 
draw money away from the stock market and 
so tend to depress stock prices. The "supply of 
money is, broadly speaking," he says, "the cumu- 
lative of the flow of money into or out of the 
investment market." That is to say, Mr. 
Karsten maintains that, just so long as business 
conditions are poor (below normal) money flows 
from business to the investment market, and 
just so long as business conditions are good 
(above normal) money is pulled out of the 
investment market into business.3 

Here the author's use of the cumulative pro- 
cess involves him in a contradiction between his 
statistics and plain economic facts. The funda- 
mental proposition of his paper on "The Harvard 
Business Indexes - A New Interpretation" is 
that the items of curve B, when inverted, 
cumulated, and plotted, give a cumulative curve 
which is highly similar to curve A. Thus, when 
our curve B is below normal the items of the 
series it represents are negative in sign, and so 
when inverted become positive in sign. When 
these positive items are cumulated the resulting 

1 There are numerous technical objections, in addition to 
those already mentioned, to the author's presentation of the 
case for the quadrature theory. Some of these are, in brief: 

i. The author's high coefficients of correlation do not indi- 
cate a consistently close relationship between the cumulated 
Harvard curves. Thus in Chart VI (Journal, December I926, 
p. 417) lack of agreement of the two curves is evident during 
I9IO-4. 

2. The turning points of Karsten's cumulative curve A' 
and the crossing points of Karsten's generating curve B' 
(inverted) do not occur simultaneously or, in the words of the 
author, "with only a slight lag (of two or three months)." 
(Ibid., p. 4I0.) Thus in Chart II (Ibid., p. 406) the crossing 
point of curve B' (inverted) in I92I precedes a trough of 
curve A' by 6 or 8 months. Yet he says (p. 4II) that "a lag 
of half a year or eight or ten months between true cause and 
true effect seems to me an absurdity. .. 

3. In testing his interpretation of the relationship between 
the A, B, and C curves the author cumulates the data of both 
the B and the A curves and then combines the two series by 
averaging (with the B cumulative weighted three times as 
heavily as the A cumulative). Then he gets " a single combined 
series of figures to which the Harvard C curve should, if this 
theory be correct, closely correspond." (Ibid., p. 4I5.) The 
author gives no statistical basis for his choice of weights. 

4. Much is made by the author of the relationship between 
the cumulative and generating curves "whereby one curve has 
a turning-point the very moment that the other crosses its zero 
or normal line." (Ibid., p. 403. Italics are Mr. Karsten's.) 
According to this statement of the relationship any turning 
point of curve A, no matter how insignificant, is accompanied 
by and corresponds to a zero value of curve B. But Mr. 
Karsten, in his discussion of the A, B, and C curves, dis- 
regards many turning points and goes on to consider exclu- 

sively tops and bottoms, peaks and valleys, maxima and 
minima. The relationship between turning points and crossing 
points indicated by the author's application of the principle is, 
therefore, actually one between " tops and bottoms " and cross- 
ing points. Thus, he says, " the top of Curve A would coincide 
exactly in point of time with the crossing of normal by Curve B." 
(Ibid., p. 403. Italics are Mr. Karsten's.) He does not tell 
us, however, how to distinguish between "tops and bottoms" 
and other turning points, although he omits certain turning 
points and designates turning points when none appears. 

5. In spite of the author's contention that curve C "tends 
to show double tops and double bottoms" (Ibid., p. 4I5) it 
does not appear that double tops and double bottoms are more 
characteristic of curve C than of curves A and B. 

6. In one place (Ibid., p. 403) the author says "the point 
is to think of the simultaneous interaction or coaction," and 
a few pages later (p. 4II) says "the time elapsing between 
a causal force and a reacting or effectual phenomenon, in the 
modern business world, is not likely, in the main, to be more 
than two or three months." "Simultaneous interaction" and 
a lag of "two or three months" seem to mean the same 
thing to him. 

2 Journal of the American Statistical Association, December 
I926, pp. 405. 

The "statistical proof" referred to is "that the cumulative 
of the Harvard B curve comes much nearer to paralleling 
the Harvard A curve with only a slight lag (of two or three 
months) than does the B curve itself, with any lag in either 
direction you please" (p. 4IO). This statement, it will be 
noticed, refers to the "cumulative of the Harvard B Curve" 
whereas the accompanying chart refers to the " 'B' integral 
inverted." The two things are totally different, and it is 
impossible to reconcile them. We consider it probable that 
he meant the "cumulative of curve B, inverted," in both cases. 

3 Ibid., pp. 406, 407. 
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cumulative series will increase without interrup- 
tion. Curve A, being, according to the author's 
theory, the cumulative of curve B, inverted, 
will also increase without interruption. In other 
words, just so long as our curve B is below 
normal the cumulative of curve B, inverted, 
and therefore curve A, will rise. Likewise, just 
so long as our curve B is above normal the 
cumulative of curve B, inverted, and therefore 
curve A, will fall. These relations between the 
curves hold regardless of the direction of move- 
ment of curve B. The statistical relations just 
described, which are based upon the theory 
that curve A is the cumulative of curve B, 
inverted, give results which during two of the 
four phases of a business cycle are contrary to 
the economic facts of the flow of money. Thus 
expressed they mean that depressed business, 
even though passing through the phase of revival, 
releases more and more funds for investment 
markets and that prosperous business, even 
though passing through the phase of decline from 
the peak, pulls more and more funds from the 
investment markets. The notion that the 
revival of business from the depth of depression 
releases money for investment and that the 
decline of business from the peak of prosperity 
pulls money from investment markets is the 
absurd result of the application of the method 
of cumulation. 

This flow of money from business to specula- 
tion and back again he evidently regards as a 
thing so mechanically dependable that it estab- 
lishes mathematical relations of quadrature 
between business conditions and stock prices. 
There is no question whatever that the move- 
ment of funds into or out of business is a factor 
of great importance for security markets, but it 
is not necessarily the only factor. Gold exports 
or imports and international credit operations 
need to be taken into account also, as well as 
any other factors that may affect credit expan- 
sion or contraction. To assume that every 
situation in which business conditions are above 
normal, involves a continuous drain of money 
from security markets is without justification 
in fact, just as is the opposite assumption that 
every withdrawal of money from security 
markets implies a level of business higher than 
normal. At the present moment, for example, 
the outstanding fact in the United States is 

that there is plenty of money and credit to 
sustain a high level of security prices and a high 
level of business activity. In I925 and I926, at 
least, business conditions and security prices 
have not been in relation of quadrature; and 
this fact may explain why Mr. Karsten has 
found it necessary to manipulate the line of 
trend in our business curve in order to show 
that a depression existed in those years, because 
it is not consistent with the theory of quadrature 
that a bull market in stocks and a level of 
business above normal should exist at the same 
moment. 

The process of cumulation, even when used 
with the greatest care, is apt to produce decep- 
tive results. Thus, the process actually creates 
cyclical fluctuations from random sequences of 
numbers. If these artifically created cycles are 
correlated with other cycles, it is quite possible, 
without any manipulation whatever, to secure 
high coefficients of correlation. Obviously, such 
coefficients have no significance. 

But the process of cumulation and the theory 
of quadrature in economics as presented by Mr. 
Karsten take on new and much more dangerous 
aspects. As he presents these subjects, secular 
trends of generating series become adjuncts to 
the correlation process and trends are altered or 
'corrected" in order that the cumulated items 
of the assumed generating series will be as closely 
similar as possible to the assumed cumulative 
series. Secular trends in Mr. Karsten's sense, 
therefore, are trends which will best satisfy the 
quadrature hypothesis and give the highest 
coefficients of correlation. The coefficients of 
correlation thus secured between series which are 
assumed to be generating and series which are 
assumed to be cumulative - even though we 
accept coefficients based on the cumulation 
process - are manufactured and are, therefore, 
without significance. Above all they should not 
be considered "statistical proofs " of the appli- 
cability to economic data of the theories of 
cumulation and quadrature. 

Tests of that feature of the quadrature as- 
sumption which requires that the turning points 
of the cumulative curve occur simultaneously 
with the zero points of the generating curve have 
led to negative results. Our study of money 
rates and security prices and Mr. Karsten's 
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study of the Harvard curves (with his trends) 
both showed that the dates of turning points 
of the cumulative curve not infrequently di- 
verged from zero points of the generating curve 
by 6 or 8 months. Further, it is sometimes im- 
possible to find zero points that correspond to 
turning points because there are more zero 
points than turning points or more turning points 
than zero points. 

The author's "logical proof " of the quadrature 
relationship between the Harvard curve B, in- 
verted, and curve A involves him in a contradic- 
tion between his statistical chart and plain 
economic facts. His chart leads to the absurd 
conclusion that, during the phase of the revival 
from deepest depression, business releases more 
and more funds for investment markets, since 

the cumulated positive items for the inverted 
business curve steadily approach their maximum 
during that phase of the business cycle. Fur- 
thermore his chart leads to the other absurd 
conclusion that, during the phase of its decline 
from the peak of prosperity, business draws 
more and more money from the investment 
markets, since the cumulated totals of the 
negative items for the inverted business curve 
steadily approach their maximum negative value 
during that phase of the business cycle. 

For these several reasons, even if there were 
other evidence which justified the acceptance of 
the quadrature theory as a helpful working 
hypothesis in economics, it is evident that Mr. 
Karsten's attempt to prove the quadrature 
theory has completely failed. 
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